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We study the Fock quantization of scalar fields of Klein-Gordon type in nonstationary scenarios
propagating in spacetimes with compact spatial sections, allowing for different field descriptions
that are related by means of certain nonlocal linear canonical transformations that depend on
time. More specifically, we consider transformations that do not mix eigenmodes of the Laplace-
Beltrami operator, which are supposed to be dynamically decoupled. In addition, we assume that
the canonical transformations admit an asymptotic expansion for large eigenvalues (in norm) of the
Laplace-Beltrami operator in the form of a series of half integer powers. Canonical transformations
of this kind are found in the study of scalar perturbations in inflationary cosmologies, relating
for instance the physical degrees of freedom of these perturbations after gauge fixing with gauge
invariant canonical pairs of Bardeen quantities. We characterize all possible transformations of this
type and show that, independently of the initial field description, the combined criterion of requiring
(i) invariance of the vacuum under the spatial symmetries and (ii) a unitary implementation of the
dynamics, leads to a unique equivalence class of Fock quantizations, all of them related by unitary
transformations. This conclusion provides even further robustness to the validity of the proposed
criterion, completing the results that have already appeared in the literature about the uniqueness
of the Fock quantization under changes of field description when one permits exclusively local time
dependent canonical transformations that scale the field configuration.
PACS numbers: 04.62.+v, 98.80.Qc, 04.60.-m
I. INTRODUCTION
It is well known that the construction of a quantum
theory to describe a system which is totally characterized
classically is a process plagued with ambiguities, with
choices at various steps of the quantization procedure
that lead to different physical predictions. Even if the
classical system is identified with an algebra of functions
on phase space, constructed out of the set of elementary
variables that one had selected, distinct nonequivalent
quantum representations are generally possible. For sim-
ple systems, a unique representation can be picked out
by imposing certain requirements, usually related to sym-
metries of the system or to a good physical (or mathe-
matical) behavior of the representation. For instance,
in Quantum Mechanics, when only a finite number of de-
grees of freedoms are present, one can determine a unique
representation of the Weyl algebra (formed with the ex-
ponentials of the position and momentum variables, mul-
tiplied by imaginary numbers) by demanding irreducibil-
ity, unitarity, and strong continuity of the representa-
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tion [1]. For fieldlike systems, the existence of an infinite
number of degrees of freedom makes the situation much
more intricate. This happens even for fields with linear
evolution equations for which, after writing the canoni-
cal commutation relations (CCR’s) in a way similar to
that of the Weyl algebra, one can adopt a representation
of the Fock type [2], where one has a notion of vacuum
and particle at hand (not necessarily well founded from
a physical viewpoint, but rather auxiliary in many situa-
tions). Generically, there exist infinitely many Fock rep-
resentations of the CCR’s that are not equivalent under
unitary transformations [2]. In these circumstances, one
must call for additional criteria to select a unique repre-
sentation [3], up to unitary transformations which do not
affect the physical content. When the field propagates
in a highly symmetric spacetime, typically, the criterion
consists of demanding that all the quantization struc-
tures incorporate this symmetry, like e.g. with Poincare´
symmetry in Minkowski spacetime [2]. But for generic
curved spacetimes, no such criterion exists.
The loss of predictability owing to the persistence of
ambiguities is particularly relevant in the consideration
of cosmological settings, since one can only make ob-
servations in the universe in which one lives, instead of
performing a(n ideally infinitely) large number of mea-
surements to discern among potential candidates for a
quantum theory. Moreover, this problem is exacerbated
2in cosmology by the obstructions to find windows for the
detection of quantum effects. For this kind of cosmo-
logical situations, where fields propagate in nonstation-
ary spacetimes, a criterion has been proposed recently to
pick out a preferred unique class of Fock quantizations
for Klein-Gordon (KG) fields, assuming compact spatial
topology.1 This criterion consists in demanding that the
vacuum state be invariant under the spatial symmetries
of the system, complemented with the additional require-
ment that the evolution admit a unitary implementation.
The criterion was introduced initially in the quantization
of Gowdy models [10–15], and then extended to KG fields
with time dependent mass defined on the circle [16], on
the three-sphere [17–19], and finally on spatial manifolds
of arbitrary compact topology in three or less dimen-
sions [20, 21]. This includes the physically relevant case
of compact sections with three-torus topology [22], with
applications to realistic models in cosmology, in accor-
dance with current observations of the universe, which
favor spatial flatness [23].
In fact, the ambiguities that the proposed criterion has
been shown to resolve in the Fock quantization are so far
of two kinds [20, 21]. On the one hand, once a canonical
pair is chosen for the scalar field, one finds the well known
ambiguity that we have commented about the choice of a
Fock representation of the CCR’s. In more detail, let us
explain that the relevant information for the selection of
a Fock representation is captured in the choice of a com-
plex structure (CS). A CS is a real linear map J on phase
space whose square is minus the identity and which leaves
invariant the symplectic structure, i.e., it is a symplec-
tomorphism. Recall that the symplectic structure Ω(·, ·)
is a bilinear map on phase space [2] that determines the
CCR’s. 2 For the construction of a Fock representa-
tion, one also requires that the CS be compatible with
the symplectic structure, in the sense that the combined
map Ω(J ·, ·) be positive definite. This condition allows
one to define an inner product on phase space, given by
[Ω(J ·, ·)− iΩ(·, ·)]/2. Starting then from the positive fre-
quency sector on this space, obtained with the projector
(1 − iJ)/2, and completing it with the introduced inner
product, one arrives at the one-particle Hilbert space of
the theory. The Fock space is the direct sum of the sym-
metric tensor products of this one-particle Hilbert space.
The proposed criterion removes the ambiguity inherent
to the choice of representation, selecting the class of uni-
tary equivalence which includes the CS J0 that would be
naturally associated with the case of a massless KG field.
On the other hand, in nonstationary scenarios, it is
natural to consider different field descriptions that are
1 The spacetime where the field propagates may correspond to a
physical background [2, 4], an effective background which in-
corporates some types of quantum corrections [5–8], or just an
auxiliary background that facilitates the field description [9–11].
2 Loosely speaking, the symplectic structure encodes the informa-
tion about the canonical Poisson brackets.
related by a scaling of the field by a time dependent
function. This scaling can be seen as part of a linear
canonical transformation, in which the field momentum
gets the inverse scaling and, in addition, a contribution
of the field configuration can be added to the momen-
tum, with all the coefficients of the linear transformation
allowed to vary in time. This type of canonical trans-
formation is local, and changes the field dynamics, given
its time dependence. These scalings are often found in
cosmology (see e.g. Ref. [24] for the typical scaling of
cosmological perturbations), and absorb part of the time
variation of the field, assigning it to the spacetime back-
ground. The subsequent modification of the field dynam-
ics explains why the criterion of unitary implementation
of the evolution has different consequences in the distinct
field descriptions obtained in this manner. The result is
that, together with the invariance under the spatial sym-
metries, the requirement of unitary evolution picks out a
unique canonical pair for the system among all those re-
lated by this family of local, time dependent linear canon-
ical transformations [21].
For the discussion of these two types of ambiguities and
the application of the uniqueness results when the pro-
posed criterion is imposed, the starting point is that the
field system admits, with an appropriate choice of time
and after a suitable scaling, a formulation in terms of a
KG field ϕ with a time dependent mass s(t) that prop-
agates in a(n auxiliary) ultrastatic spacetime.3 Namely,
the field equations can be written in the form
ϕ¨−∆ϕ+ s(t)ϕ = 0, (1.1)
together with a Hamiltonian equation for the momentum
pϕ given by pϕ =
√
hϕ˙. Here, the dot stands for the time
derivative and ∆ denotes the standard Laplace-Beltrami
(LB) operator associated with the spatial metric hij of
the background. The determinant of this spatial metric
is called h. The corresponding spatial sections are as-
sumed to have compact topology, and dimension equal
to d. When d ≤ 3, as we have mentioned, the criterion
of a unitary implementation of the evolution and of in-
variance under the spatial symmetries selects the class
of unitary equivalence that includes J0 as the only valid
CS’s [20], and eliminates the ambiguity concerning the
choice of field description as far as time dependent scal-
ings of the field configuration and linear redefinitions of
the field momentum are concerned [21].
In the context of cosmological perturbations in an in-
flationary scenario, it has also been proven that the above
criterion guarantees the uniqueness of the Fock quantiza-
tion even if the field equations are modified with certain
kinds of subdominant terms. More explicitly, expand-
ing the field configuration and momentum in eigenmodes
3 Some mild conditions are imposed on the mass function s(t) to
reach the results of Refs. [20, 21]. It suffices that this function is
twice differentiable in the considered time domain, with a second
derivative that is integrable in every compact time subinterval.
3of the LB operator, the KG field equations with time
varying mass may present corrections that depend on the
considered mode, but that vanish sufficiently fast in the
ultraviolet limit, i.e., for large eigenvalues (in norm) of
the LB operator. These corrections include mode depen-
dent subdominant contributions, on the one hand to the
time dependent mass and, on the other hand, in the form
of a damping term [6]. In fact, the damping terms can
be absorbed by means of a suitable canonical transfor-
mation, which is nonetheless nonlocal [6]. The presence
of these corrections does not spoil the ability of the pro-
posed criterion to pick out a unique Fock quantization,
showing that the results go beyond the systems which ad-
mit a formulation precisely as a KG field in an ultrastatic
spacetime.
An important limitation of these uniqueness theorems
is that they only cover changes of field descriptions re-
lated by local (linear) time dependent canonical trans-
formations. In practical situations, at least in cosmolog-
ical settings, one decompose the field in eigenmodes of
the LB operator, taking full advantage of the fact that
these modes decouple dynamically, and then introduces a
CS by defining annihilation and creationlike variables for
each mode. This definition is often time dependent be-
cause, in nonstationary scenarios, the frequencies of the
modes change. In order to relate the choice of annihila-
tion and creationlike variables with that determined by
the CS J0 in the field description in which (1.1) applies,
one needs to introduce a linear canonical transformation
that, in general, depends on the considered mode. Be-
sides, as we have said, the transformation is typically
time dependent. What is no more true is that the trans-
formation is local, and in particular that it amounts to
a global scaling of the field when configurations are con-
sidered. In order to analyze the extent to which one
can guarantee the uniqueness of the Fock quantum the-
ory, and discuss the validity of the criterion that we
are putting forward to deal as well with this generalized
framework and remove the subsequent ambiguity, we will
study in this work the effect in the quantization of canon-
ical transformations of the mentioned type. In doing so,
we will allow for the most general linear canonical trans-
formation of that kind, without restricting the changes
of field configuration to be contact transformations that
depend on time (and on the considered mode) but, on
the contrary, permitting also the inclusion of contribu-
tions of the momentum modes. Let us emphasize that,
since these time varying linear canonical transformations
are mode dependent, they are generally nonlocal: inverse
powers of the LB eigenvalue are in fact obtained via the
inversion of the LB operator, which is a nonlocal opera-
tion.
Moreover, in principle it is not clear if, starting with
a field description in which Eq. (1.1) is satisfied, one
can reach another description with a similar field equa-
tion (maybe up to subdominant terms in the ultraviolet
regime for the mass and the damping) by means of a
mode dependent canonical transformation of this sort.
If this is possible, one would find a potential tension in
the real implications of the results about the uniqueness
of the choice of Fock quantization, namely, those results
would provide a privileged Fock quantization for each of
the descriptions with field equations of the form (1.1),
but their relation being provided by nonlocal transfor-
mations, we could not assure that such distinct quan-
tizations are all unitarily equivalent. If they were not,
a new ambiguity would arise in the selection of a Fock
formulation.
Actually, a situation of this kind is found in the study
of scalar perturbations around Friedmann-Robertson-
Walker (FRW) spacetimes. These perturbations provide
seeds for the large scale structure and explain the ori-
gin of the cosmic microwave background [24–26]. In or-
der to circumvent the problems posed by gauge trans-
formations, an approach which is sometimes followed is
to adopt a gauge, e.g. the longitudinal one, and express
the physical degrees of freedom in terms of quantities
defined in the system with that gauge fixation. Know-
ing the effect of the gauge transformations, these quan-
tities can be reexpressed in any other gauge. Another
approach is to directly eliminate any dependence on the
choice of gauge by considering gauge invariant quantities,
such as the Bardeen potentials [27]. In Ref. [6], it was
proven that a canonical pair for the description of the
scalar cosmological perturbations was the one formed by
the energy density and the matter velocity perturbations,
which are Bardeen potentials [27]. In that same work, it
was shown that the change from the canonical pair that
describes the perturbations in the longitudinal gauge to
this pair of gauge invariants is given in fact by a time de-
pendent linear canonical transformation which is mode
dependent [6], and hence of the form that we are going
to analyze in the present article. For the scalar pertur-
bations, and up to subdominant terms in the ultraviolet,
the field equations turned out to be of the KG type un-
der discussion, both for the canonical pair chosen in the
longitudinal gauge and for the pair of Bardeen poten-
tials. In that particular case, it was proven also in Ref.
[6] that the two privileged Fock quantizations chosen by
the criterion of spatial symmetry invariance and unitary
evolution when studying, respectively, the gauge fixed
system and the gauge invariants, happened to be uni-
tarily equivalent, preserving in this way the uniqueness
of the quantum theory, up to unitary transformations.
Nonetheless, it was far from clear whether this was a re-
sult specific of the considered change or not, and why
a mode dependent canonical transformation compatible
with the mentioned criterion, like the one encountered
in the case of scalar perturbations, could exist. In the
light of the present work, these conclusions for the model
of scalar perturbations in cosmology are just a partic-
ular application of more general results. The example
provided by this model is explained in detail in the Ap-
pendix.
With these motivations, our work has a twofold aim.
On the one hand, we want to characterize the most gen-
4eral mode and time dependent linear canonical transfor-
mation that relates different field descriptions of the sys-
tem where a unitary implementation of the evolution is
possible, while respecting the invariance under the spa-
tial symmetries. Note that it is for each of these descrip-
tions that the criterion that we put forward selects, re-
spectively, a privileged Fock quantization. On the other
hand, we will study then whether these privileged quan-
tizations are equivalent or not, by elucidating whether
the canonical transformation in question admits or not a
unitary implementation. Our analysis will be restricted
to canonical transformations which preserve the mode
decomposition of the field in eigenfunctions of the LB
operator, i.e., to transformations which respect the dy-
namical decoupling of these modes and do not mix them.
In addition, we will assume that the relations that pro-
vide the canonical transformation admit an asymptotic
expansion in the ultraviolet sector in the form of a Lau-
rent series of the square root of (minus the) eigenvalue of
the LB operator.
At this point of the discussion, it is worth recalling
that a linear canonical transformation T admits a uni-
tary implementation in the representation determined by
a CS J if and only if the antilinear part of T , given by
(T + JTJ)/2, is a Hilbert-Schmidt operator [28], i.e.,
the product of this antilinear part by its adjoint has a
finite trace. This condition is equivalent to the square
summability of the beta Bogoliubov coefficients. Recall
also that these Bogoliubov coefficients relate the annihila-
tion and creationlike variables of the Fock representation
with their images under the considered transformation,
and that they are usually called alpha and beta coef-
ficients, depending on whether they correspond to the
linear or the antilinear part of the transformation, re-
spectively. Finally, let us remark that, from a physical
viewpoint, the square summability of the beta coefficients
is simply the condition that the particle production un-
der the analyzed transformation be finite, namely, that
the transformed vacuum have a finite number of parti-
cles, if one employs the particle concept associated with
the original vacuum.
The rest of the paper is organized as follows. In Sec.
II we will describe the system under study. The kind
of nonlocal, time dependent linear canonical transfor-
mations that we want to analyze will be introduced in
Sec. III, investigating whether they can relate descrip-
tions with field equations of the KG type (1.1), up to
certain subdominant terms in the ultraviolet regime. In
Sec. IV we will completely characterize the most general
canonical transformation with the desired properties, and
discuss its unitary implementation in the original Fock
quantum theory. In addition, we will obtain the form of
the subfamily of canonical transformations that lead to
KG field equations without mode dependent corrections
to the mass term. The conclusions will be presented in
Sec. V. Finally, an Appendix is included.
II. THE KLEIN-GORDON FIELD
Our starting point is a real KG field ϕ with a time
dependent mass, propagating in an ultrastatic spacetime
which is globally hyperbolic, of the form I×Σ, where I is
a connected and not necessarily unbounded time interval
(if I is the union of several connected components, one
can restrict the discussion just to one of those compo-
nents) and Σ is a spatial manifold of compact topology.
The spatial sections, isomorphic to Σ, are equipped with
the metric hij . The field satisfies the dynamical equation
(1.1). The dynamical evolution is completed with the
Hamiltonian equation that identifies the field momentum
pϕ with the time derivative of the field, densitized by a
factor of
√
h. Notice that the system is not stationary,
owing to the time dependence of the mass, which can also
be interpreted as a quadratic potential term that varies
in time. This kind of KG equation can be obtained, e.g.,
from those of scalar fields in nonstationary spacetimes by
means of a scaling of the field [18], as it is the case of test
KG fields of constant mass in FRW spacetimes.
The phase space can be obtained from the Cauchy data
at an arbitrary time t0 ∈ I: (ϕ, pϕ) = (ϕ,
√
hϕ˙)|to . The
symplectic structure is that corresponding to the stan-
dard Poisson brackets {ϕ(x), pϕ(y)} = δ(x − y), where
δ(x) is the Dirac delta on Σ.
The criterion of invariance under the spatial symme-
tries of the field equations 4 and of a unitary dynamics
selects a unique class of unitary equivalence of CS’s for
the Fock representation of the KG field [20]. This class
of CS’s is the one which includes J0, namely, the CS that
one would naturally associate to the case of a massless
field:
J0
(
ϕ
pϕ
)
=
(
0 −(−h∆)− 12
(−h∆) 12 0
)(
ϕ
pϕ
)
. (2.1)
Since J0 is constructed out of the LB operator, it is in-
variant under the spatial symmetries and leads to a Fock
representation with the same property.
For convenience, we decompose the canonical pair of
field configuration and momentum in a mode expansion
using a basis of eigenfunctions of the LB operator (in the
Hilbert space of square integrable functions on Σ with the
volume element determined by the spatial metric). We
will call qnl the coefficients of the real modes in the expan-
sion of the field configuration ϕ, and pnl the correspond-
ing coefficients for the field momentum. The subindex
n is a positive integer that designates the eigenspaces of
the LB operator with different eigenvalue, −ω2n, accord-
ing to the ordering in the increasing sequence of positive
4 One can take as the group G of such symmetries the maximal
subgroup of the unitary group of transformations which com-
mute with the LB operator. One can as well identify G with a
subgroup of the former maximal subgroup, provided that all its
corresponding irreducible representations differ [21].
5numbers {ωn}, so that ωn > ωn′ if and only if n > n′.
Note that the compactness of the topology guarantees
that the sequence is discrete, and also that the sequence
tends always to infinity when n → ∞. On the other
hand, we suppose that the zero modes of our field have
already been removed, and quantized by suitable meth-
ods in Quantum Mechanics, so that we can ignore them
in the following. Let us emphasize that the removal of
a finite number of degrees of freedom does not modify
the field behavior of the system, nor the issues related
to the unitary implementation of the dynamics owing to
the existence of an infinite number of modes in the ultra-
violet sector (large ωn). The degeneration gn of each of
the eigenspaces of the LB operator is taken into account
by the subindex l. For a fixed value of n, the index l
can only take a finite number of positive integer values,
l = 1, . . . , gn. Finally, the Hamiltonian equation for the
time derivative of the field configuration translates, after
the mode expansion, into the equation pnl = q˙nl.
Substituting the mode expansion of the field in Eq.
(1.1), one gets that the real modes qnl satisfy the equa-
tions of motion
q¨nl + [ω
2
n + s(t)]qnl = 0. (2.2)
Clearly, the different modes decouple in the dynamics.
It is also obvious that this equation of motion is inde-
pendent of the label l and therefore all the modes in the
same eigenspace of the LB operator have the same dy-
namics. For the sake of simplicity in the notation then,
from now on, we will obviate the degeneration label l in
our equations, unless it is necessary to avoid confusions.
III. TIME AND MODE DEPENDENT
CANONICAL TRANSFORMATIONS
As we have already mentioned in Sec. I, mode depen-
dent linear canonical transformation that vary in time
appear naturally in Quantum Field Theory in nonsta-
tionary spacetimes, and in particular in its application
to cosmological perturbations. For instance, in the Ap-
pendix we discuss in detail the transformation of this
kind that relates the canonical pair of degrees of freedom
that describe scalar perturbations around a closed FRW
universe in longitudinal gauge and the canonical pair of
Bardeen potentials which provide a gauge invariant for-
mulation [6, 27].
We are interested only in nonlocal canonical transfor-
mations that lead from a field description with equations
of motion of the form (2.2) to another field description
whose modes satisfy a similar equation, but now with a
possibly different time dependent mass, which may in-
clude contributions that depend on the considered mode
but become subdominant in the ultraviolet regime, i.e.
when ωn → ∞. Specifically, we assume that the new
mass is given by
Mn(t) = s˜(t) +O
(
ω−1n
)
, (3.1)
where s˜(t) is a mode independent time function which
provides the ultraviolet limit. The criterion of spatial
symmetry invariance and unitary evolution can be ap-
plied to select a unique class of Fock representations for
fields that satisfy a KG equation with a mass term of the
above form [6].
Let us now discuss what kind of nonlocal and time
dependent linear canonical transformation allows one to
pass from the original canonical pairs of modes (qn, pn),
subject to the equations of motion (2.2) and pn = q˙n,
to a new set of canonical modes (Qn, Pn), satisfying the
same equations of motion, but now with a mass term
supplied byMn(t) instead of s(t). As we have mentioned,
we will only consider canonical transformations that do
not mix modes (respecting their dynamical decoupling).
Therefore, the most general transformation that we are
going to study is
Qn = fn(t)pn + gn(t)qn, (3.2)
Pn =
1
gn(t)
[1− fn(t)Bn(t)] pn −Bn(t)qn, (3.3)
where fn(t), gn(t), and Bn(t) are mode and time de-
pendent real functions. Nonetheless, Bn(t) is completely
determined by fn(t) and gn(t), via the imposition of the
Hamiltonian equations Pn = Q˙n. Thus, the canonical
transformations are characterized just by the functions
fn(t) and gn(t). A simple calculation, employing the
dynamical equations of the original canonical pair and
the transformation maps (3.2) and (3.3), shows that the
Hamiltonian equation for Q˙n implies that
Bn(t) = [ω
2
n + s(t)]fn(t)− g˙n(t)
=
1− f˙n(t)gn(t)− g2n(t)
fn(t)
. (3.4)
This expression not only determines Bn(t) in terms of
fn(t) and gn(t), but also imposes a condition on these
two functions, given by the equality between the right
terms in both lines. An additional condition comes from
the generalized KG equation for Qn. It is not difficult
to see (using again the form of the canonical transfor-
mation and the original field equations) that the only
nontrivial requirement derived from this condition refers
to the modification of the mass, which is given by
Mn(t)− s(t) = fn(t)s˙(t) + 2f˙n(t)[ω
2
n + s(t)]− g¨n(t)
gn(t)
= − f¨n(t) + 2g˙n(t)
fn(t)
. (3.5)
In addition to the relation between the new and the orig-
inal mass functions, Mn(t) and s(t), again, the equality
between the right terms of both lines implies another con-
dition on the functions fn(t) and gn(t). In fact, one can
easily check that this condition is not functionally inde-
pendent of the one derived from Eq. (3.4): the former
can be obtained from the latter by differentiation. There-
fore, in the following we will only consider the condition
6arising from formula (3.4). We can rewrite it in the form
f˙n(t)gn(t)− g˙n(t)fn(t)
+ g2n(t) + [ω
2
n + s(t)]f
2
n(t) = 1. (3.6)
As our first result, we are going to prove that it is
impossible that a canonical transformation of the con-
sidered type but limited to be mode independent –and
hence local– can relate two descriptions with dynamical
equations of the specific form in which we are interested.
Suppose for a moment that fn(t) = f(t) and gn(t) = g(t)
are mode independent. It is easy to see then that the
only manner in which Eq. (3.6) may be satisfied is that
f(t) = 0, for all t ∈ I, because otherwise the only mode
dependent contribution in that equation, ω2nf
2(t), will
not cancel. Now, if f(t) is the zero function, it follows
from our equation that g(t) = ±1 at all times, obtaining
a trivial canonical transformation that leads to the orig-
inal field equations and to the same canonical pair (up
to a global sign). Therefore, we are forced to consider
functions fn(t) and gn(t) that are mode (and time) de-
pendent. Note that this result is in complete agreement
with that about the uniqueness of the field description
selected by our criterion when only local time dependent
canonical transformations are considered [21] (reducing
just to a scaling, as far as the field configuration is con-
cerned). In Sec. IVB, we will further study restriction
(3.6), as well as the restrictions arising from the behavior
(3.1) that we have assumed for the mode dependence of
the new mass term.
IV. UNITARY IMPLEMENTATION AND
ASYMPTOTIC EXPANSION
Here, we will study the relationship between the Fock
representations determined by the CS J0 in the two field
descriptions under discussion: the initial one, with mode
variables (qn, pn), and the transformed one, with phase
space variables (Qn, Pn). We will also elaborate on the
condition for the unitary implementation of this canon-
ical transformation, and therefore for the equivalence of
the considered Fock quantizations. Assuming the exis-
tence of asymptotic expansions –in the form of Laurent
series– in ωn when this quantity gets unboundedly large,
we will characterize the admissible canonical transforma-
tions –i.e., those that satisfy Eq. (3.6) and lead to the
desired new mass term behavior– and show that all of
them can be implemented as unitary quantum transfor-
mations. We conclude the section by analyzing the case
in which the new mass term is mode independent.
A. Beta coefficients of the transformation
Let us then consider, for the two field descriptions re-
lated by the mode dependent canonical transformation,
the Fock representation defined by J0 (2.1), which we
know is picked out (or rather its unitary equivalence
class) by the criterion of invariance under the spatial
symmetries and the unitary implementability of the dy-
namics. The following are annihilation and creationlike
variables associated with the choice of J0 in the initial
field description (in the sense that the CS has a diagonal
action on the basis formed by them)
an =
1√
2ωn
(ωnqn + ipn), (4.1)
a∗n =
1√
2ωn
(ωnqn − ipn), (4.2)
where the symbol ∗ denotes complex conjugation. The
corresponding variables for the transformed modes are
defined in a completely similar way, i.e.,
bn =
1√
2ωn
(ωnQn + iPn), (4.3)
and b∗n by the complex conjugate of this equation.
The relation between both sets of annihilation and cre-
ationlike variables is given by a Bogoliubov transforma-
tion which, recalling that the modes do not mix, has the
form
bn = αnan + βna
∗
n, (4.4)
b∗n = β
∗
nan + α
∗
na
∗
n. (4.5)
Since the transformation is a symplectomorphism (i.e.,
it preserves the canonical structure), the alpha and beta
functions satisfy the relation |αn|2 − |βn|2 = 1 for all
n ∈ N+. As we have already mentioned, a linear canon-
ical transformation admits a unitary implementation in
a given Fock representation if and only if the beta func-
tions of the transformation are square summable. In this
case, since we want the canonical transformation to be
unitary at all times, the condition that must be satisfied
is ∑
n,l
|βnl(t)|2 =
∑
n
gn|βn(t)|2 <∞ ∀t ∈ I, (4.6)
where we have taken into account the degeneration gn
of the eigenspaces of the LB operator. A direct calcula-
tion leads to the expression of the beta coefficients, using
in the computations the form of the canonical transfor-
mation (3.2) and (3.3), the value of the functions Bn(t)
[given in the first equality of Eq. (3.4)], the definitions
of the two sets of annihilation and creationlike variables,
and relation (3.6). The result is
βn(t) = − f˙n(t)
2
− i
2ωn
[fn(t)s(t)− g˙n(t)] . (4.7)
The asymptotic behavior of the degeneration gn for
large n is well known. The number of eigenstates whose
eigenvalue is less than a positive number ω¯2 grows in d
dimensions at most like ω¯d [29]. Therefore if, as in our
7case, one assumes that the functions fn(t) and gn(t) (as
well as their derivatives) admit an asymptotic expansion
in integer powers of ωn when this quantity tends to infin-
ity, so that the same applies to βn(t), the square summa-
bility condition for unitary implementation turns out to
be satisfied in (all) spatial dimensions d not greater than
three if and only if the asymptotic behavior of the beta
functions is of the order βn ∼ O
(
ω−2n
)
. Considering the
real and the imaginary parts of the beta functions inde-
pendently, we conclude that
f˙n ∼ O(ω−2n ), (4.8)
fn(t)s(t) − g˙n(t) ∼ O(ω−1n ). (4.9)
If these two conditions are fulfilled, then the studied Fock
quantizations, related by the transformations (3.2) and
(3.3), are unitarily equivalent.
B. Unitary implementation of the admissible
transformations
We will now investigate the properties of the admissi-
ble canonical transformations, i.e., the mode dependent
transformations defined by the sequences of functions
fn(t) and gn(t) that satisfy restriction (3.6) (so that the
new momentum modes equal the time derivatives of the
new configuration modes) and lead to a new mass Mn(t)
with the behavior (3.1). We will see whether these admis-
sible canonical transformations fulfill the unitarity con-
ditions (4.8)-(4.9). Throughout our discussion, we will
assume that both fn(t) and gn(t) admit a Laurent series
expansion in the asymptotic limit ωn →∞.
Analyzing first restriction (3.6), it is not difficult to
realize that the term ω2nf
2
n(t) in that equation can only be
compensated in the asymptotic limit of infinitely large ωn
by other terms if fn(t) ∼ O(ω−rn ) with r ≥ 1. To see this,
let us divide the equation by f2n and define Gn = gn/fn,
for convenience. The condition can then be rewritten as
− G˙n +G2n + ω2n + s(t) =
1
f2n
. (4.10)
Suppose then that we had r ≤ 0. The only possibility to
compensate the termG2n+ω
2
n (notice thatG
2
n is a positive
definite function, and ω2n is always positive as well) would
be that G˙n ∼ O(ω2n).5 But, in that case, G2n would be
at least of the order O(ω4n), and therefore it could not be
balanced with any other term in the equation, arriving to
a contradiction. Hence, as we anticipated, we necessarily
have fn ∼ O(ω−rn ) with r ≥ 1.
One can then straightforwardly see from the dominant
term (for large ωn) in Eq. (4.10) that Gn ∼ f−1n , and
5 If G˙n were of asymptotic order O(ωNn ) with N > 2, then G
2
n
would be of order O(ω2Nn ) and its contribution could not be
balanced. On the other hand, in the case N < 2, the term ω2n
could not be compensated.
thus gn ∼ O(1). In addition, let us notice that, given
the asymptotic behavior allowed for fn, condition (4.9)
for the unitary implementation of the transformation re-
duces to
g˙n ∼ O(ω−1n ). (4.11)
Employing our conclusions about the dominant terms
of the (Laurent) series in integers powers of ωn that pro-
vide the asymptotic expansion of the functions fn(t) and
gn(t), we get that
fn(t) =
cr
ωrn
+
∞∑
k=r+1
ck
ωkn
, (4.12)
gn(t) = d0 +
∞∑
k=1
dk
ωkn
, (4.13)
with r ≥ 1 and where the c’s and d’s are time functions
(we obviate this time dependence in the notation for sim-
plicity). They are not fully free or independent, for they
must satisfy restriction (3.6). In particular, it is easy
to check from that restriction that the functions dk(t)
must vanish for 1 ≤ k < r, because, otherwise, the term
g2n(t) would give contributions that could not be compen-
sated in the equation. On the other hand, the necessary
and sufficient conditions for a unitary implementation of
the transformation (in any possible spatial dimension not
greater than three), which are given by Eqs. (4.8) and
(4.11), amount to the requirements c˙1 = d˙0 = 0.
We will separate the rest of our analysis in two cases,
depending on whether the dominant power r for fn(t)
is equal to the unit or not. We will analyze first the
case r ≥ 2. Then, the condition c˙1 = 0 is immediately
satisfied, because c1 vanishes identically. Besides, the
restriction (3.6) existing on the functions of the trans-
formation implies that d20 = 1, as one can easily see, and
consequently one gets that d˙0 vanishes indeed. Therefore,
when r ≥ 2, the considered mode dependent canonical
transformations can always be implemented as unitary
transformations in the original Fock representation deter-
mined by J0, and this quantization is unitarily equivalent
to the one obtained in the new field description.
Let us consider now the case r = 1. From the first
equality in Eq. (3.5), we obtain that the new mass is
given by
Mn(t) ∼ s(t)− 2d˙0
c1
ωn − c¨1 + 2d˙1
c1
+ 2
c2d˙0
c21
+O(ω−1n ). (4.14)
Hence, the restriction imposed on Mn(t) that it must
have a well defined ultraviolet limit [with possible sub-
dominant terms of order O(ω−1n )] requires that d˙0 = 0,
and so d0 must be a constant. On the other hand, re-
striction (3.6) on the functions of the transformation im-
poses at dominant asymptotic order that d20 + c
2
1 = 1,
and thus c1 turns out to be a constant function as well,
so that in particular we have c˙1 = 0. As a result, we
8conclude that Eqs. (4.8) and (4.11) are satisfied, and all
admissible canonical transformations happen to admit a
unitary implementation in the original Fock quantization
determined by J0. Therefore, as it occurs as well for the
other case r ≥ 2, the new Fock quantizations are uni-
tarily equivalent to the original one, and our criterion of
invariance under the spatial symmetries and of unitary
dynamics selects a unique Fock quantum theory for the
KG field, up to unitary transformations, as we wanted to
prove.
C. Characterization of the admissible
transformations
Let us elaborate on the characterization of the admissi-
ble canonical transformations; in particular, let us discuss
in more detail their asymptotic behavior.
In the case r = 1, we identify two distinct types of
transformations, namely, those with d0 6= 0 and those
with d0 = 0. A direct inspection shows that when the
considered transformations have d0 6= 0, the modes of the
new field are proportional to the original modes in the
ultraviolet regime. Hence, both sets of modes have a sim-
ilar behavior. On the contrary, for transformations with
d0 = 0, the modes of the new field are defined by linear
combinations which have a vanishing ultraviolet limit,
something which may seem surprising. This is compen-
sated by the behavior of the modes of the new momen-
tum, which blow up when ωn goes to infinity. In the Ap-
pendix, we will show that, in the context of cosmological
perturbations around closed FRW spacetimes, the trans-
formation between the canonical pair for scalar pertur-
bations in the longitudinal gauge and the corresponding
pair of Bardeen potentials is precisely a transformation
with this behavior [6]. For this kind of transformations
with vanishing d0, it is easy to check that restriction (3.6)
requires that c2 = 0.
In total, when r = 1, the admissible canonical trans-
formations are determined by (i) functions of the form
fn(t) =
c1
ωn
+
∞∑
k=2
ck(t)
ωkn
, (4.15)
gn(t) = d0 +
∞∑
k=1
dk(t)
ωkn
, (4.16)
with d0 and c1 being two nonvanishing constants that
satisfy d20 + c
2
1 = 1, or (ii) by functions of the type
fn(t) = ± 1
ωn
+
∞∑
k=3
ck(t)
ωkn
, (4.17)
gn(t) =
d1(t)
ωn
+
∞∑
k=2
dk(t)
ωkn
(4.18)
when d0 = 0.
For the sake of clarity, we have made explicit the time
dependence of the coefficients in the expansions. In both
cases, the asymptotic limit ωn →∞ of the new mass term
Mn(t) is given by s(t)−2d˙1(t)/c1, so that, in general, the
mass is modified in this limit with respect to its value in
the original field description.
Finally, let us return to the case r ≥ 2. In this situa-
tion, the admissible canonical transformations are deter-
mined by functions
fn(t) =
cr(t)
ωrn
+
∞∑
k=r+1
ck(t)
ωkn
, (4.19)
gn(t) = ±1 +
∞∑
k=r
dk(t)
ωkn
. (4.20)
Therefore, the configuration and momentum modes of
the new field description coincide (possibly, up to a sign)
with the original ones in the asymptotic limit. On the
other hand, the ultraviolet limit of the new mass term
Mn(t) is
s(t)− c¨r(t) + 2d˙r(t)
cr(t)
. (4.21)
Again, we see that the functions Mn(t) are not only typ-
ically mode dependent, but their asymptotic limit differs
from the original mass s(t) in general. In order that the
original mass be recovered in the limit of infinitely large
ωn, it is necessary that d1 be a constant if r = 1, and
that c¨r = −2d˙r in cases with r ≥ 2.
D. Transformations with mode independent mass
We will now study the subclass of mode and time de-
pendent canonical transformations (of the form consid-
ered in Sec. IVC) which lead to a new field description
with a mode independent mass, i.e., all the modes of the
new field evolve with the same mass term. To emphasize
this fact, we will write Mn(t) =M(t). Recalling relation
(3.5), we conclude that the functions gn(t) must satisfy
the restriction
gn(t) = −1
2
f˙n(t) +
1
2
∫ t
S(t¯)fn(t¯)dt¯, (4.22)
where S(t) = s(t) −M(t) is the difference between the
original and the new mass functions, and a global inte-
gration constant has been absorbed, letting unspecified
the initial time in the last integration. Thus, the func-
tions gn(t) are completely determined (up to time con-
stants that may depend on the mode) by the functions
fn(t) and by the difference between the two considered
mass functions. Using the above expression for gn(t),
the restriction (3.6) on the functions that determine the
canonical transformation becomes
− 1
4
f˙2n(t) +
1
2
f¨n(t)fn(t) +
1
4
[∫ t
S(t¯)fn(t¯)dt¯
]2
+ [ω2n + s¯(t)]f
2
n(t) = 1. (4.23)
9Here s¯(t) = [s(t) +M(t)]/2.
If one substitutes the asymptotic expansion of fn(t)
as a Laurent series, and allows for a change of order be-
tween the infinite sum in this expansion and the inte-
gral in expression (4.23), one gets from that equality a
hierarchy of differential equations that allow one to ob-
tain the coefficients of the series for fn(t) by a recursive
process, starting from the dominant contributions in the
limit ωn →∞ and descending in the sequence of negative
integer powers of ωn. At each step in this hierarchy, new
integration constants appear, permitting some freedom
in the choice of coefficients for the transformation.
A case in which we are particularly interested is when
the transformation does not affect the mass, which be-
comes then not only mode independent, but besides coin-
cides in the original and the new field descriptions. In this
situation, S(t) vanishes, and s¯(t) = s(t). It then follows
that gn(t) = Kn − f˙n(t)/2, where Kn is a time constant
which depends on the mode. Given the asymptotic be-
havior of the functions gn(t) and fn(t), the constants Kn
must have the form
Kn = κ0 +
∞∑
k=1
κk
ωkn
, (4.24)
where the κ’s are real numbers. The expression of the
functions fn(t) can be determined by replacing them with
their asymptotic expansion in terms of a Laurent series
in Eq. (4.23), particularized to the data S(t) = 0, fol-
lowing then the procedure explained above. As we have
commented, solutions can always be found by means of
a recursive process, at least at a formal level.
V. CONCLUSIONS
We have studied time dependent linear canonical
transformations of a certain nonlocal class for scalar fields
in (generically) nonstationary spacetimes with compact
spatial sections. These time dependent transformations
absorb part of the field dynamics in functions of the back-
ground. More specifically, the class of transformations
that we have studied relate alternate field descriptions
in which the equations of motion take the form of a KG
equation in an auxiliary, ultrastatic spacetime, but pro-
vided with a time dependent mass. We have allowed
for subdominant corrections to this field equation in the
ultraviolet sector, corresponding to modes with a large
eigenvalue (in norm) of the LB operator. The dynam-
ics are completed with the Hamiltonian equation that
relates the field configuration and its momentum. We
have restricted our discussion to the case in which this
latter equation equals the time derivative of the configu-
ration modes with the modes of the momentum, in all of
the considered field descriptions. Besides, using the de-
composition of the field provided by the eigenfunctions
of the LB operator, the possible nonlocality of the ana-
lyzed canonical transformations consists in a dependence
on the mode under consideration, but respecting the dy-
namical decoupling between those modes.
For the type of equations of motion that we have per-
mitted, it is known that the criterion of (i) invariance
of the vacuum under the spatial symmetries of the dy-
namics and (ii) existence of a unitary implementation for
the evolution, selects a unique class of unitary equiva-
lence for the Fock representations of the CCR’s in each
of the descriptions related by our canonical transforma-
tions. This equivalence class contains the representation
determined by the CS which would be natural to asso-
ciate with the case of a free massless scalar field [6, 20].
Moreover, the above criterion fixes as well the choice of
canonical pair for the field up to local linear canonical
transformations that vary in time and, when reduced to
its action on the field configuration, amount just to a
scaling [6, 21]. Our discussion can be viewed as an ex-
tension of these uniqueness results by allowing that (a)
the time dependent change in the field configuration in-
cludes contributions of the field momentum, and (b) the
canonical transformation becomes mode dependent, and
hence nonlocal. In this work, we have nonetheless im-
posed two restrictions on the kind of considered canoni-
cal transformations. On the one hand, as we have com-
mented, they must be compatible with the evolution in
the sense that they do not mix different modes of the LB
operator (which do not interact dynamically). For that,
in particular, they must have the same form in each of
the eigenspaces of that operator (since the dynamics is
the same for all degenerate modes). On the other hand,
we have assumed that the functions that determine the
canonical transformation admit an asymptotic expansion
in the ultraviolet sector in the form of a Laurent series of
ωn (the square root of the norm of the LB eigenvalue).
We have studied first whether this type of nonlocal and
time dependent canonical transformations that connect
different descriptions with the same kind of dynamical
equations exist or not. We have proven that they do exist
in fact, and that they are necessarily mode dependent, so
that no local transformation can ever have the required
properties. In the two descriptions related by each of
these canonical transformations, a privileged Fock quan-
tization is selected by the criterion of unitary evolution
and invariance under the spatial symmetries. Then, the
question arises of whether these alternate quantizations
are in fact equivalent, or whether a new ambiguity ap-
pears which affects the physics in the quantum realm,
and which is not removed by the proposed criterion. The
question can be rephrased by asking whether the consid-
ered canonical transformations admit a unitary imple-
mentation or not. We have demonstrated that all the
studied nonlocal canonical transformations are actually
implementable as unitary ones, therefore guaranteeing
the uniqueness of the Fock quantum theory picked out
by the criterion that we have put forward. This shows
the consistency of this criterion and provides further ro-
bustness to the selected quantum theory and its physical
predictions, beyond the uniqueness results which were
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already available in the literature [20, 21]. Finally, we
have analyzed in more detail the specific case in which
the time dependent mass is not corrected by mode de-
pendent subdominant contributions, both in the original
and the transformed field descriptions. We have seen
that transformations of this type are generally possible,
and have formulated the condition that this subfamily of
canonical transformations must satisfy.
It is worth noting that this kind of nonlocal trans-
formations appear in cosmological perturbation theory,
relating the description of scalar perturbations around
FRW closed spacetimes in longitudinal gauge, e.g., and
in terms of gauge invariants, as was shown in Ref. [6] and
we summarize in the Appendix. To conclude, let us also
point out that the results presented in this work seem
to admit extensions and further applications in the case
of fermionic fields, where this kind of nonlocal transfor-
mations may be especially important. For instance, Ref.
[30] analyzes a quantummodel containing fermionic fields
with finite particle creation in the evolution or, equiv-
alently, with a unitarily implementable dynamics. To
arrive at such a unitary dynamics for the model it is
necessary to define suitable annihilation and creationlike
variables by using (nonlocal) mode and time dependent
canonical transformations with respect to the original de-
scription of the fermionic fields. Therefore, our analysis
and conclusions may also find important applications in
the process of reaching a Fock quantization for fermions
with the required good properties of symmetry and uni-
tarity, as well as to ensure the uniqueness (modulo uni-
tary transformations) of such a quantum theory.
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Appendix A: Mode dependent transformations in
cosmological perturbations
In this appendix, we will consider the application of our
discussion to the analysis of scalar perturbations in cos-
mology [6]. In more detail, the cosmological system that
we will discuss is an FRW spacetime with closed spatial
sections that have the topology of a three-sphere. The
matter content is given by a minimally coupled scalar
field of mass m˜ = m
√
3π/2G. Starting with a homoge-
neous setting, one can consider the perturbations around
those FRW solutions [31], restricting the attention just to
scalar perturbations for simplicity [6]. This restriction is
possible because the scalar, vector, and tensor perturba-
tions decouple in the evolution at the dominant pertur-
bative order in which one truncates the system [31]. The
expansion of the perturbations in modes is made using
hyperspherical harmonics [31], which are eigenfunctions
of the LB operator on the three-sphere. The nonphysical
degrees of freedom can be eliminated, e.g., by adopting
a longitudinal gauge. After this gauge fixing, the sec-
tor of homogeneous solutions can be described by two
canonical pairs, e.g. the pairs (α, πα) and (ϕ¯, πϕ¯), used
in Ref. [6], where α is related to the FRW scale factor a
and ϕ¯ is essentially the homogeneous mode of the scalar
matter field [32]. On the other hand, the scalar pertur-
bations can de described in this gauge fixed model by
the set of configuration and momentum pairs (h
n~l
, π
n~l
),
obtained from the mode expansion of the scalar field and
its momentum after a scaling of the former by a factor
of a (see e.g. Refs. [24, 31]). The index n is a positive
integer such that n > 1, and labels the eigenspaces of
the LB operator on the three-sphere contributing with
inhomogeneous physical degrees of freedom to the per-
turbations, with a corresponding eigenvalue that (after a
flip of sign) is equal to ω2n = n(n+ 2) [32]. The degener-
ation index ~l, on the other hand, stands for the pairs of
integers (l,m) that designate the different hyperspheri-
cal harmonics with the same value of n. Their ranges are
0 ≤ l ≤ n and −l ≤ m ≤ l.
The equations of motion that the inhomogeneous
modes satisfy in the longitudinal gauge have the form
h¨n + rn(t)h˙n +
[
ω2n + sn(t)
]
hn = 0. (A1)
We obviate the degeneration label ~l because the dynam-
ical evolution is independent of it. The dot stands here
for the derivative with respect to the conformal time t,
and the functions rn(t) and sn(t) are mode and time de-
pendent:
rn(t) = 2Ang˜
2
n, (A2)
sn(t) = s˜(t) +O
(
ω−2n
)
, (A3)
where s˜(t) is a function that only depends on time,
whereas An and g˜
2
n depend also on the considered mode:
An =
3
ω2n − 3
e−6απϕ¯
(
2παπϕ¯ − e6αm2ϕ¯
)
, (A4)
g˜2n =
[
1− 3
ω2n − 3
e−4απ2ϕ¯
]−1
. (A5)
Notice that An = O(ω−2n ) while g˜2n = 1 + O(ω−2n ). It
then follows that rn(t) is of the order O(ω−2n ). In Ref.
[6], it was proven that the criterion of spatial symmetry
invariance and unitary evolution selects a unique Fock
quantization even in this situation, with the KG equa-
tion modified by subdominant terms of the above form.6
6 Actually, the proof is valid for more general types of modifi-
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The Fock representation that is picked out belongs to the
unitary equivalence class of that determined by the CS
J0. It is also possible to obtain an alternate description
where the damping term vanishes by considering a mode
dependent canonical transformation that eliminates the
contribution of rn(t):
h¯n = g˜nhn, (A6)
π¯n =
1
g˜n
πn +
(
g˜nAn + ˙˜gn
)
hn. (A7)
Again, we have ignored the degeneration index in the
canonical variables, since the transformation is indepen-
dent of it. With this canonical transformation, sn(t) does
not change up to order ω−2n and hence continues to be
given by Eq. (A3). In addition, a contribution of the
configuration modes has been included in the definition
of the new momentum modes so that they satisfy the
Hamiltonian equation π¯n =
˙¯hn. Therefore, the dynami-
cal equations in this new field description are completely
adapted to the form that is considered in the main text
of this work.
Alternatively, in the study of cosmological perturba-
tions, it is most common to use gauge invariant quantities
to describe the system. A canonical pair of gauge invari-
ant scalar quantities can be constructed from the original
variables (πn, hn) by a time dependent linear canonical
transformation that depends on the specific mode under
consideration, but do not mix those modes:
Ψn =
1√
ω2n − 3
(πn + χhn) , (A8)
Πn =
1√
ω2n − 3
[
χπn + (χ
2 − ω2n + 3)hn
]
. (A9)
We have ignored again the degeneration index on the
mode variables, because the transformation has no de-
pendence on it. The function χ varies in time, and is
defined in terms of background variables. It is mode in-
dependent, and can be related with An and gn by the
identity:
χ =
e−2α
πϕ¯
(
2παπϕ¯ − e6αm2ϕ¯
)
(A10)
=
Ang˜
2
n
1− g˜2n
. (A11)
The above pair of canonical gauge invariant quantities
are linear combinations (depending on the background
variables, see Ref. [6] for details) of the energy density
and matter velocity perturbations introduced by Bardeen
[27]. Their equations of motions are
Ψ¨n +
[
ω2n + s(t)
]
Ψn = 0, (A12)
cations, like e.g. for corrections to the mass function of order
O
(
ω
−1
n
)
, as in Eq. (3.1).
and Πn = Ψ˙n, up to the perturbation order in which
the theory is being truncated. Note that these equations
are precisely of the form introduced in Sec. II. Combin-
ing the canonical transformation given by Eqs. (A6) and
(A7) with the transformation introduced in Eqs. (A8)
and (A9), it is easy to obtain the mode and time de-
pendent canonical transformation that relates the gauge
invariants (Ψn,Πn) with the variables (h¯n, π¯n), for all
values of n. The transformation is
h¯n =
g˜n√
ω2n − 3
(−Πn + χΨn) , (A13)
π¯n =
1√
ω2n − 3
(
χg˜n + ˙˜gn
)
Πn
+
1√
ω2n − 3
(
ω2n − 3
g˜n
− χ2g˜n − χ ˙˜gn
)
Ψn. (A14)
Using expression (A10), and in particular that χ is a
mode independent time function, one can check that the
functions fn(t) and gn(t) that characterize the mode de-
pendent and time dependent canonical transformation
under consideration are
fn = −gnχ = − g˜n
ω˜n
(A15)
≈ − 1
ω˜n
− 3
2ω˜3n
e−4απ2ϕ¯ +O(ω˜−5n ). (A16)
Here, we have redefined ω˜2n = ω
2
n − 3. In the light of the
analysis performed in Sec. IVC, this transformation is of
the type given in expression (4.17), where the coefficients
of the linear combinations that provide the new config-
uration modes vanish in the ultraviolet limit, while the
coefficients of the new momentum modes blow up. As a
corollary, the transformation admits a unitary implemen-
tation in the Fock representation determined by J0 in the
gauge invariant description, and hence the quantization
reached in the longitudinal gauge is unitarily equivalent.
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